We analyse the world-volume theory of multiple Kaluza-Klein monopoles in string and M-theory by identifying the appropriate zero modes of various fields. The results are consistent with supersymmetry, and all conjectured duality symmetries. In particular for M-theory and type IIA string theory, the low energy dynamics of N Kaluza-Klein monopoles is described by supersymmetric U(N) gauge theory, and for type IIB string theory, the low energy dynamics is described by a (2,0) supersymmetric field theory in (5+1) dimensions with N tensor multiplets and tensionless self-dual strings. It is also argued that for the Kaluza-Klein monopoles in heterotic string theory, the apparently flat moduli space gets converted to the moduli space of BPS monopoles in SU(2) gauge theory when higher derivative corrections to the supergravity equations of motion are taken into account.
Introduction
Among the brane solutions in M-theory and various string theories are Kaluza-Klein monopoles [1, 2] , which represent six branes in M-theory compactified on a circle, and five-branes in various string theories compactified on a circle. Various conjectured string dualities relate these solitons to various other known solitons in string theory. For example, in type IIA (IIB) string theory, T-duality relates these to appropriate solitonic five branes in type IIB (IIA) string theory, whereas in type IIA string theory and M-theory, U-duality relates the Kaluza-Klein monopoles to appropriate D-branes in type IIA string theory. In this paper we shall explicitly test these duality conjectures by comparing the low energy dynamics of multiple Kaluza-Klein monopoles to that of various other string solitons.
Dynamics of Kaluza-Klein monopoles have been analysed previously in different contexts in refs. [3, 4, 5, 6, 7] .
Kaluza-Klein monopole solutions [1, 2] have the special property that at a generic point in the moduli space, they represent completely non-singular solutions of the low energy supergravity equations of motion. The curvature can be kept small everywhere by taking the radius of the compact direction and the distance between different monopoles sufficiently large, whereas the string coupling can be kept small everywhere by keeping the asymptotic coupling constant small. This means that at least at a generic point in the moduli space, we can reliably analyse the low energy dynamics of these monopoles using the weak coupling, low energy supergravity equations of motion. At special points in the moduli space, when two or more monopoles coincide, stringy effects become important.
As we shall see, in this case the dynamics can be approximated by string propagation in an appropriate ALE space, − a problem that has already been studied in other contexts. We shall find that the dynamics of the Kaluza-Klein monopoles, both at generic and at special points in the moduli space, are consistent with various duality conjectures.
Besides providing new tests of various duality conjectures, the world volume theory of Kaluza-Klein monopoles can also be used to study novel supersymmetric theories. For example, for type IIB string theory, the world volume theory of N Kaluza-Klein monopoles is a (5+1) dimensional theory with (2,0) supersymmetry and N tensor multiplets, and also contains self-dual strings which become tensionless when the locations of some of the monopoles coincide. This is closely related to the theories that have been used to define M(atrix)-theory [8] on T 4 and T 5 [9, 10] . Although the solitonic five-branes in type IIA string theory have the same world-volume theory, describing the theory in terms of Kaluza-Klein monopoles has the special advantage that at a generic point in the moduli space the string coupling can be kept small everywhere, and hence this world volume theory can be described in terms of a weakly coupled string theory.
Review of Multiple Kaluza-Klein Monopole Solution
The multiple Kaluza-Klein monopole solution is described by the metric:
where D is 9 for various string theories and 10 for M-theory, y m denote the space-like world-volume coordinates on the (D − 4)-brane represented by this solution, and ds T N is the metric of the Euclidean multi-centered Taub-NUT space [11] :
Here x 4 denotes the compact direction, and r ≡ (x 1 , x 2 , x 3 ) denotes the three spatial coordinates transverse to the brane. U and ω are defined as follows:
where,
and,
m and r I are parameters labelling the solution. r I can be interpreted as the locations of the Kaluza-Klein monopoles in the transverse space. In order that the solutions are free from conical singularities at r = r I , x 4 must have periodicity 16πm.
The multi-centered Taub-NUT space described by the metric (2) supports N linearly independent normalizable self-dual harmonic two forms Ω I , given as follows [3] :
Furthermore, as shown in [3] , the two-forms defined above satisfy a simple normalization condition:
3 The World-volume Theory at a Generic Point in the Moduli Space
Let us now suppose that the original string / M-theory has a p form field A (p) . Generalizing the construction of refs. [5, 7] for the case of single monopole, we can define N
on the world-volume through the decomposition:
Besides the fields obtained this way, there are also 3N world-volume scalar fields Φ i I
(1 ≤ i ≤ 3) associated with the parameters r I . These can be associated with deformations of the metric following the procedure outlined in ref. [3] . This gives the following worldvolume field theories of Kaluza-Klein monopoles in different theories at a generic point in the moduli space:
M-theory
This theory contains a three form gauge field C M N P in (10+1) dimensions. This gives N vector fields on the (6+1) dimensional world volume of the Kaluza-Klein monopole.
Together with the 3N scalar fields coming from the translational zero modes, these fields describe the bosonic fields of an N = 1 supersymmetric (U(1)) N gauge theory in (6+1)
dimensions. The metric on the moduli space spanned by the scalar fields is determined by the inner product Ω I ∧ Ω J [3] . From the moduli independence of the inner product given in eq. (8) we see that this metric is flat, as is expected for this particular supersymmetric field theory [12] .
3
According to the conjectured duality between M-theory on S 1 and type IIA string theory, the Kaluza-Klein monopole in M-theory is identified to the Dirichlet six-brane of type IIA string theory. The world-volume dynamics of N well separated Dirichlet six branes in type IIA string theory is described by an N=1 supersymmetric (U(1)) N gauge theory in (6+1) dimensions. Thus we see that the dynamics of the Kaluza-Klein monopoles is in agreement with the conjectured duality between M-theory and type IIA string theory.
Type IIA string theory
This theory contains a three form gauge field C M N P and a one form field A M from the Ramond-Ramond (RR) sector, and a two form field B M N from the Neveu-Schwarz−NeveuSchwarz (NS) sector. C M N P gives N vector fields whereas B M N gives N scalar fields on the (5+1) dimensional world-volume of the monopole. Combining these with the 3N scalar fields coming from the translational zero modes, we get the bosonic field content of (1,1) supersymmetric (U(1)) N gauge theory in (5+1) dimension. Actually, N of these scalar fields, associated with the modes of B M N , are periodic coordinates [5] . Thus the world volume field theory is more naturally interpreted as a (6 + 1) dimensional N=1 supersymmetric (U(1)) N gauge theory, compactified on a circle of appropriate radius.
The N scalar fields originating from B M N are then interpreted as the components of the (U(1)) N gauge fields along the compact direction.
In order to see how this result is compatible with the predictions of duality, let us note that first of all, by a T-duality transformation, these Kaluza-Klein monopoles are related to solitonic five branes of type IIB theory compactified on a circle S 1 , with the five-branes being transverse to S 1 . The S-duality transformation of type IIB string theory converts these solitonic five branes to Dirichlet five branes transverse to S 1 . Finally, by a T-duality transformation, this can be mapped to a system of Dirichlet six branes in type IIA string theory on S 1 with the six branes wrapped on the compact direction. For N well separated six branes, the world-volume theory of this system is given by an N=1 supersymmetric (U(1)) N gauge theory in (6+1) dimensions, compactified on a circle. Thus we see that the world volume theory of N well separated Kaluza-Klein monopoles in type IIA string theory is consistent with the predictions of duality. In order to see how this is consistent with various duality conjectures, we can make a T-duality transformation to relate it to solitonic five branes of type IIA on S 1 , with the five branes being transverse to S 1 . By using the duality between M-theory on S 
Type IIB string theory

Heterotic String Theory
This theory contains a rank two anti-symmetric tensor field B M N , which gives rise to N periodic bosonic fields. These fields, together with the 3N bosonic fields associated with the translational zero modes, constitute the field content of N hypermultiplets of the (1,0) supersymmetry algebra in (5+1) dimensions. However, unlike in the previous cases, in this case the field content, together with the requirement of supersymmetry, does not determine the low energy effective action completely. One needs to specify the moduli space of these hypermultiplets in order to completely describe this theory. According to the result of low energy supergravity theory, this moduli space is flat [3] , and is given by (2) is small, and hence higher derivative stringy corrections to the low energy supergravity equations of motion are negligible. However, as we shall now argue, string world-sheet corrections convert this into the moduli space of N BPS monopoles in SU (2) gauge theory [13, 14, 15] . To see this, let us recall that a Kaluza-Klein monopole in the heterotic string theory carries 1 unit of Kaluza-Klein monopole charge, and −1 unit of H-monopole charge [5] .
(The H-monopole charge arises from the Lorentz Chern-Simons term in the expression for the field strength of the anti-symmetric tensor field.) Now, starting from a situation where the radius of the compact direction is large, and hence the solutions (1), (2) are valid, consider slowly reducing the radius (keeping the string coupling small) so that it comes close to the self-dual radius. In this case, the low energy effective theory describing heterotic string theory on S 1 contains a spontaneously broken SU(2) gauge group [16] .
This theory will contain BPS monopoles associated with this broken SU(2). It is easy to see that this BPS monopole carries precisely the same quantum numbers as the KaluzaKlein monopole. Hence we would expect that as we slowly change the radius from large value to the self-dual point, the moduli space of the Kaluza-Klein monopoles will evolve to that of BPS monopoles. (Note that since we can keep the string coupling small throughout this process, the moduli space approximation never breaks down.) The question we would like to ask is: what is the metric that interpolates between the moduli space metric of the Kaluza-Klein monopoles and that of BPS monopoles?
We shall now show that it is consistent to assume that the correct metric is that of the moduli space of BPS monopoles, and the flat metric on the Kaluza-Klein monopole moduli space emerges from this in appropriate limit when we ignore higher derivative corrections to the supergravity equations of motion. Implicitly, this may be understood as follows.
The moduli space of multiple BPS monopoles involves a scale factor, which, in turn, is determined by the inverse vacuum expectation value (vev) of the Higgs field responsible for the breaking of SU (2) to U(1). If we take the limit where this scale factor goes to zero (i.e. the vev of the Higgs field goes to infinity), keeping the separation between the monopoles fixed, the metric on the moduli space of N BPS monopoles approaches flat metric. Now, since the Higgs vacuum expectation value in the SU(2) gauge theory is proportional to (R − R −1 ) (in units in which R = 1 denotes the self-dual radius), we see that for large R the Higgs vacuum expectation becomes large, and the scale factor indeed goes to zero. Thus in this limit we expect the moduli space metric of BPS monopoles to approach flat metric, as we have found for the Kaluza-Klein monopoles.
To see this more explicitly, let us analyse the components of the metric in the cartesian coordinate system in which the metric for well separated monopoles approaches the identity matrix. In this coordinate system, the various components of the metric on the moduli space of Kaluza-Klein monopoles are naturally functions of ( r I − r J )/R ≡ ξ IJ if we restrict ourselves to using the low energy supergravity equations. The Planck scale or the string scale never enters the calculation since Einstein's equations without stringy corrections and without source terms are scale invariant. The result of [3] shows that the metric is identity matrix, i.e. the metric components do not depend on ξ IJ . On the other hand, components of the metric on the moduli space of BPS monopoles are functions of the combination (R − R −1 )( r I − r J ) = (R 2 − 1) ξ IJ for large (R − R −1 )| r I − r J |, and these components differ from those of the identity matrix by terms of order 1/((R 2 −1)ξ IJ ) when (R 2 − 1)ξ IJ are large [17] . Straightforward dimensional analysis shows us that these terms must be accompanied by the square of the string length in the numerator, and hence are expected to show up in the computation of the metric of Kaluza-Klein monopoles only when higher derivative corrections to the supergravity equations of motion are taken into account. In the limit when the string length goes to zero, the metric reduces to the flat metric, as is the case for the moduli space of Kaluza-Klein monopoles in the supergravity theory.
Thus we see that flat metric on the moduli space of Kaluza-Klein monopoles as derived from low energy supergravity theory is perfectly consistent with the idea that the correct moduli space is that of multiple BPS monopoles in SU(2) gauge theory, scaled by (R − R −1 ). Since the later moduli space has all the properties required for being consistent with supersymmetry and various other symmetries, and correctly interpolates between the known moduli spaces near the self-dual radius and for large radius of the compact direction, we propose that this is the corrrect moduli space.
Singular Points in the Moduli Space
Let us now turn to special points in the moduli space where the locations of some of the monopoles coincide. We shall consider the extreme case where the locations of all the N monopoles coincide; any other configuration can be analyzed in an identical manner.
This corresponds to taking all the r I 's appearing in eq.(4) to be close to each other. For definiteness, we shall take all of them to be close to r = 0. In this case, the metric near r = 0 can be approximated by:
But this is precisely the metric on the ALE space [11, 18] . When all the r N 's approach the point r = 0, this space develops an A N −1 type singularity, and we get new massless particles / tensionless strings in different string theories / M-theory from branes wrapped around collapsed two cycles associated with the singularity. We shall now analyze the dynamics of massless particles / tensionless strings in different theories near this singular point and show that in each case the result is in agreement with the predictions of duality.
(This analysis is somewhat reminiscent of that in ref. [19] ).
M-theory
M-theory on an ALE space with A N −1 singularity is expected to have enhanced SU(N) gauge symmetry [20] . Since for well separated monopoles the world volume theory was an N=1 supersymmetric (U(1)) N gauge theory in (6+1) dimensions, for coincident monopoles it must be described by an N=1 supersymmetric U(N) gauge theory. We had seen earlier that this system is related by duality to a system of N six branes in type IIA string theory. For coincident six branes, the world volume theory of this system is indeed described by an N=1 supersymmetric U(N) gauge theory. Thus we see that the enhanced gauge symmetry on the world volume of coincident Kaluza-Klein monopoles in M-theory is also consistent with the conjectured duality between M-theory on S 1 and type IIA string theory.
Type IIA String Theory
Type IIA string theory on an ALE space with A N −1 singularity is also expected to have enhanced SU(N) gauge symmetry [20] . Combining this with the result for well separated monopoles, we see that the world-volume theory of N coincident Kaluza-Klein monopoles in type IIA string theory is given by an N = 1 supersymmetric U(N) gauge theory in (6+1) dimensions compactified on a circle. Our earlier analysis shows that this system is dual to a system of N Dirichlet six branes of type IIA string theory wrapped on a circle. This indeed develops U(N) enhanced gauge symmetry for coincident six branes,
showing that the enhancement of gauge symmetry for coincident Kaluza-Klein monopoles is consistent with the duality conjecture.
Type IIB String Theory
Type IIB string theory on an ALE space with A N −1 singularity is expected to have no enhanced gauge symmetry, but tensionless self-dual strings [21] whose charges under the N tensor fields lie along the root vectors of U(N). These tensionless strings arise from three branes wrapped along collapsed two cycles in the ALE space. To see if this is consistent with duality, recall that the Kaluza-Klein monopoles in type IIB string theory on S 1 are related by duality to a system of five-branes in M-theory on T 2 , with the five branes being transverse to both directions of T 2 . When the five branes coincide, we do get tensionless strings from membranes stretched between five-branes [22, 23] . Hence again our result is consistent with the conjectured duality between M-theory on S 1 and type IIA string theory.
We also have strings of finite tension in the world-volume theory of the five-branes in M-theory on T 2 . These originate from membranes stretched between the five branes which, instead of following the direct path, wrap once or more around the compact directions [10] . One might ask: where do these finite tension strings on the world-volume theory originate in the Kaluza-Klein monopoles in type IIB string theory? A straightforward application of duality relations shows us that in the world-volume of the KaluzaKlein monopoles in type IIB string theory, these new strings carry the same quantum number as bound states of a three brane wrapped along a two cycle, and elementary strings and / or D-strings. Since the electric and magnetic flux of the world-volume gauge field on the three brane act as sources of B M N and B ′ M N respectively [24, 25] , we see that in the world volume theory of Kaluza-Klein monopoles in type IIB theory, the new finite tension strings can be identified with three branes wrapped along collapsed two cycles, together with quantized electric / magnetic flux of the three brane world-volume gauge field through the two cycle.
Heterotic String Theory
Finally we turn to coincident Kaluza-Klein monopoles in the heterotic string theory. Our earlier assertion that the moduli space of these monopoles is identical to that of multiple BPS monopoles in SU(2) gauge theory implies that there is no singularity in the moduli space even for coincident monopoles, i.e. even when we put the heterotic string theory on a singular ALE space. It will be interesting to find an independent verification of this result.
Conclusion
In this paper we have studied the dynamics of multiple Kaluza-Klein monopoles in Mtheory, and various string theories, for well separated as well as coincident monopoles. In each case, we have found that the dynamics is consistent with all known duality conjectures involving string / M-theory. Dynamics of multiple Kaluza-Klein monopoles in type IIB string theory gives a new realization of the (2,0) supersymmetric theory in (5+1) dimensions with multiple tensor multiplets and tensionless self-dual strings. This theory in appropriate limits might be relevant for describing M(atrix)-theory on T 4 and T 5 . We have also argued that the dynamics of N Kaluza-Klein monopoles in heterotic string theory is described by a (1,0) supersymmetric field theory in (5+1) dimensions, with moduli space given by the moduli space of N BPS monopoles in SU(2) gauge theory.
